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By Tutte’s constructive characterization of 3-connected graphs (I~ucI~. Muth. 23 
(1961), 441455), we see that every 3-connected graph of order at least live has an 
edge whose contraction results in a 3-connected graph. We call such an edge a con- 
tractible edge and study the distribution of contractible edges in 3-connected 
graphs. As a consequence. we prove that every 3.connected graph of order at least 
five has rlGi/21 or more contractible edges and determine the graphs which attain 
the equality. ( 1987 Academx Press. Inc 
In this paper, we only consider finite simple graphs. By Tutte’s construc- 
tive characterization of 3-connected graphs, we see the following fact. 
THEOREM A (Tutte [7]). Every 3-connected graph qf order ut least .five 
has an edge whose contraction results in a 3-connected graph. 
In this paper, we call an edge whose contraction results in a 3-connected 
graph a contractible edge, and study the distribution of contractible edges 
in 3-connected graphs. As a consequence, we prove that every 3-connected 
graph of order p 3 5 has at least [p/21 contractible edges and determine 
the extremal graphs. 
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Let G be a graph. We denote by V(G) and E(G) the set of vertices and 
the set of edges, respectively. We write f,(x) for the set of vertices adjacent 
to x in G, d,(x) for the degree of x in G, and IGI for the order of G. For 
SC VW> f,(S)= Urczs f,(x) and G - S is the subgraph of G induced by 
V(G) - S. If G - S is not connected, we call S a cutset of G. Furthermore, S 
is called a least cutset if ISI = k-(G), where K(G) is the connectivity of G. We 
denote by C(G) the set of least cutsets of G. Let E,.(G) be the set of con- 
tractible edges of G. An edge which is not contractible is called noncontrac- 
tible. For XE V(G), EG(x) is the set of edges which are incident with X. 
Notation not defined here can be found in [ 11. 
LEMMA 1. Let G he a 3-connected graph of order at least five and 
XE V(G). Suppose d,(x) = 3, say T,(x) = {a, b, c}. Jf both xb and xc are 
noncontractible, then b and c are adjacent and d,(b) = d,(c) = 3. 
Proof: Since the edge xc is noncontractible, there exists SE C(G) such 
that X, c E S. Since d,(x) = 3, G - S has exactly two connected components, 
say A and B. We may assume a E A and b E B. Similarly, there exists 
TE C(G) such that x, b E T and G - T has exactly two connected com- 
ponents. Let C and D be the components of G - T and assume CE C and 
aED. Let 
X,=(AnT)u(SnT)u(SnD) 
and 
X,=(BnT)u(SnT)u(SnC). 
Assume A n T= @. Since A n D # @ (a E A n D), X, is a cutset of G. On 
the other hand, since A n T = a, 1 SI = 3 and c E S n C, we have /X, / < 2. 
This contradicts the assumption that G is 3-connected. Hence we have 
AnT#@. Since ITI=3, we have IAnTi=1, SnT={x} and 
Bn T= {b}. By a similar argument as above, we have ISn DI = 1 and 
Sn C= {c}. 
Next assume B n Cf @. Since d,(x) = 3, T,(x) n Bn C= Iz/. Hence 
X, ~ (x} is a cutset of G. This is a contradiction. Hence we have 
BnC=(Zi. Similarly, we have AnC=BnD=@ and hence B=(b) and 
C = {c}. Then T,(b) = S and T,(c) = T. This implies the desired proper- 
ties. 1 
Halin [3] proved that each vertex of degree three in a 3-connected graph 
has a contractible edge incident with it. Now we give an alternative simple 
proof to this result, using Lemma 1. 
Let 
U,= {XE V(G)Id,(x)=3, lEG(x)nE,(G)I =i} (i=O, 1, 2, 3) 
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and 
W; = (x E V(G) I d&x) 3 4, J,!?&(x) n E,.(G)1 = i} (i30). 
Obviously, I’(G) = (lJ;=, Ui) u (lJiaO W,). 
THEOREM B (Halin [3]). Let G be a 3-connected graph of order at least 
five. Then each vertex of degree three has a contractible edge incident with it. 
Proof. The theorem says UO= a. In order to prove it, we assume 
U, # aa, say x E U,, and T,(x) = {a, 6, c}. Since xa and xb are noncontrac- 
tible, ab E E(G) and d,(a) = d,(b) = 3 by Lemma 1. Similarly, we have bc, 
ca E E(G) and dG(c) = 3. Hence G is a complete graph of order four. This is 
a contradiction. 1 
Halin also estimated the number of vertices of degree three in a 
minimally 3-connected graph. 
THEOREM C (Halin [Z]). Let G be a minimally 3-connected graph. Then 
G has 2( 1 GI + 3)/5 or more vertices of degree three. 
From Theorem B and Theorem C, it is easy to see that every 3-connec- 
ted graph of order at least five has a r( lG/ + 3)/5] or more contractible 
edges. We study further about distribution of contractible edges to obtain a 
better estimation. 
For a 3-connected graph G and x E V(G), we define T”‘(x) and rc2’(x) 
by 
and 
T”‘(x) = { y E T,(x) 1 xy is contractible) 
T”‘(x) = { y E P,(x) I ,“y is noncontractible}. 
For Y E r,(x), let C,(Y) = {KE C(G) I -Y, Y E K} and C., = U,.. w(.~) C,(Y). 
THEOREM 2. Let G be a 3-connected graph of order at least five, 
x E V(G), and Xc V(G). Suppose T”‘(x) c X, d,(x) 3 4, and there exists 
SE C., such that G - S has a connected component which is disjoint from X. 
Then (rc2’(x) -X) n U2 # @. 
Proof Define 
C: = {SE C, I G - S has a connected component A such that A n X= @ }. 
By the assumption C: # 0. For each SE C:, let A, be one of the smallest 
components which is disjoint from X. We choose S such that lA,l is 
minimum. Let B,= V(G)- (SW A,). Since SE C(G) and XE S, T,(x) n 
A,#@. Let aETJx)nA.. 
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Since A,n X= @, air. Let TE C,(a) and let C be a connected 
component of G - T and D = V(G) - (T u C). Let 
X,=(SnC)u(SnT)u(A,nT) 
and 
X,=(SnC)u(SnT)u(B,nT). 
First we claim that Sn C # @. Assume S n C = @. Since a E A, n T, 
IX,1 < 2. If B, n C# a, then X, is a cutset of G, contradicting the 
assumption that G is 3-connected. Hence B,n C= @. Since B,n C= 
SnC=@, C=A,nC#@. Then X, is a cutset of G. Since X,cTand 
TE C(G), X, = T. Since A,n C + A,, TE Cr. This contradicts the 
minimality of A,. Thus we have S n C # QT. 
By the same argument as above, S n D # a. Since / 5 = 3 and x E S n T, 
ISn Cl = ISn Tl = jSn D1 = 1. Since there exists a path which joins Sn C 
and SnD in G-(A,u{x)), B,nT#@. Since aEA,nT, we have 
IB,n TI = 1 and A,n T= {a}. 
Assume A, n C # @. Then X, E CL. However, G -X, has a connected 
component which is a subset of A,n C. This contradicts the minimality of 
A,. Therefore, we have A, = @. Similarly, we have A, n D = @, and hence 
A,= {a}. Obviously, r,(a) = S and dJa) = 3. 
Let y E S- (x} and assume the edge UJ is noncontractible. Then by 
Lemma 1, ~Jx) = 3, contradicting the assumption that d,(x) 3 4. Hence 
ay E E,.(G). This implies a E U2. 1 
COROLLARY 3. Let G be a 3-connected graph of order at least ,fi;ve and 
x E W,. Then lr’2’(x) n U2/ 2 2. 
ProoJ: Let P”(X) = {x’}. Let YE T”‘(x) and S, E C,(y). Since /GI 3 5, 
G-S, has a component which does not contain x’. Now by applying 
Theorem 2 to X= r”‘(x) = {x’}, we obtain f(2)(Uy) n U, # @. Let 
a, E r(*)(x) n U, and S, E C.,(a,). Then G - S, has a component which 
does not contain x’. Again applying Theorem 2 to X= {x’, a, }, we have 
(rc2’(x) - {a, }) n U, # a, and the result follows. 1 
By the same argument, we get the following corollary. 
COROLLARY 4. Let G be a 3-connected graph of order at least five and 
XE IV,. Then lf’2’(x)n U21 33. 
By Corollaries 3 and 4, the following theorem immediately follows. 
THEOREM 5. Let G be a 3-connected graph of order at least five. Then 
I~*/32/~,/+3l~,l. 
Now using Theorems B and 5, we obtain a lower bound of lE,.(G)I. 
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THEOREM 6. Let G be a 3-connected graph qf order at least five. Then 
P,.(G)1 3 TlGlPl. 
Proof. By Theorem B, v(G)=(U~=, ui)U(Ui,o Wi). BY the 
definitions of U, and W;, 2/E,(G)I=z;=, i/U,j+C,.,ilW,l. Using 
Theorem 5, 
=,5 l”il+j~olwil+21w~l+21W,I+/M/,/+2~U~~ 
+ C (i-l)lWjl 
123 
Bl~l+~l~,I+~l~~l+l~,I+2lU,/+2~ lw,j. (A) 
133 
Therefore, we have the desired inequality. [ 
Next we characterize the extremal graphs. 
THEOREM I. Let G be a 3-connected graph of order at least ,five. Then 
the following statements (l), (2), and (3) are equivalent. 
(1) L%(G)1 = r/G//21. 
(2) G is 3-regular and each vertex pf G lies on a triangle. 
(3) G arises from a 3-regular 3-connected graph b-v replacing each ver- 
tex by a triangle. 
Proof: (2) 3 (1) Let G be a graph which satisfy (2). Then U, = V(G) 
and hence we have IE,.(G)I = jG//2. 
(1) * (2) Let G be a graph such that IE,(G)i = rlGi/21. First we claim 
that /G/ is even. Assume that /G/ is odd. Then G cannot be 3-regular, and 
hence lJiao W;#@. Also we have 2lE,.(G)I = /G/ i 1. By (A), 
U, fZ W, = 121, which implies W, # @, and U, = @. Hence V(G) = U, u 
U2 u W,. Then 
IU,l + IU,l + IW,l + 1 = ICI + 1 =2lE,(G)l = lU,I +2/U,/ $21 Wzl, 
yielding /U,l+lW,l=l. Since W,#@, /W,l=l and U,=@. Let 
W,= {x} and rC2’(x) = ix,, x,>. Since x, E U,, xl has two noncontractible 
edges, one of which is xxl. Thus we have d,(x) = 3 by Lemma 1. This con- 
tradicts the assumption that x E W,. Thus /GI is even. 
Since IG/ is even, IGI =2lE,.(G)I. By (A), UiaO Wj= @ and U,= Q5. 
Therefore, G is 3-regular and V(G) = U, u U,. Then / GI = I U1 / + / U2j and 
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2IE,.(G)I = IU,I +21U,I. This implies U,=Qr and Y(G)= U,. Let XE V(G) 
and rc2’(G) = { y, z >. By Lemma 1, yz E E(G) and x lies on a triangle 
induced by {x, y, z}. 
(3) * (2) It is trivial. 
(2) + (3) Let x E V(G) = U,. Then by Lemma 1, there exists exactly 
one triangle in G which contains x. Let T, denote this triangle. If T, = 
{x, y, z}, then T, = T, = T_. It is easy to see that lT,(T,) - T.,l = 3. Let G’ 
be a graph which arises from G by contracting each T, into a new 
vertex t.,. To prove this implication, it is enough to show that G’ is 3- 
regular and 3-connected. By the above argument, G’ is 3-regular. Assume 
G’ is not 3-connected. Then G’ has a cutset of order two since G’ is 3- 
regular. Let {t,, t,} is such a cutset. Then G - (T., u T,.) is not disconnec- 
ted, and there exists components C., and C,. of G - (T., u T,.) such that 
IFJC,) n T,j = 1 and ir,(C,.) n T?.l = 1. Let T,(C,) n T., = {u} and 
r,( C,) n TY = (tj}. Then G - {u, u} is disconnected, contradicting the 
assumption. Therefore, G’ is 3-connected. 1 
Let G be an n-connected graph and PC E(G). Suppose / FI = n and F is 
independent. Lovasz [6] and Woodall [S] independently conjectured that, 
if n is even or G-F is connected, then G has a cycle containing all edges of 
F. The conjecture is proved by Lovasz [6] for IZ < 3, and recently for n = 4 
by Kaneko [4]. 
Now, as an example of an application of Theorem 6, we give an alternate 
proof to the conjecture for n = 3. 
PROPOSITION D (Lovasz [S, Sect. 6, Problem 671, [6]). Let G be a 3- 
connected graph and Fc E(G). Suppose jF1 = 3, F is independent and G - F 
is connected. Then G has a cycle Mahich contains all edges qf F. 
Proof Let F= (f,,J;,f,} and f,=a,h, (i= 1, 2, 3). Assume the con- 
trary and let G be a counterexample. We take IGl as small as possible. 
Since IFI = 3 and F is independent, / Gi 3 6 and hence IE,.(G)I 3 3. If 
IE,.(G)l = 3, we can easily infer that G ‘v K, x K, by Theorem 7, where K,, is 
a complete graph of order n. However, the proposition is true for K, x K,. 
Hence G & K,xK, and IE,.(G)I 24. Let eEE,.(G)-F and e=xy. Let G’ 
be a graph obtained from G by contraction of e, and z be the vertex of G’ 
obtained by identifying x and y. Let J;' be the edge which results from f, by 
the contraction and let f/ = aibi. Let F = {,f;,f;,f;}. Since F is indepen- 
dent in G, IFi = 3. Suppose F is not independent. Then we may assume 
a’, = a; = z. Let G” = G’ -z + 6; b;. Then G” is a 2-connected graph and G” 
has a cycle C” containing hi 6; and a; 6;. From C”, we can easily construct 
a cycle in G containing all edges of F. However, this is a contradiction. 
Hence F’ is independent. Next assume G’ -F’ is connected. Then G’ has a 
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cycle C’ which contains all edges of F. From C’, we can also construct a 
cycle C in G which contains all edges of F, contradicting the assumption. 
Therefore, G’ - F is not connected. 
Since G’ is 3-connected, G’ - F has exactly two components, say D’, and 
0;. Let Dj be the set of vertices of G corresponding to 0: (i = 1, 2). We 
may assume ai E D, and 6, E D, (i = 1, 2, 3). Since G - F is connected, we 
may assume a, = x, y E D, , and yb, E E(G). Since F is independent, /D, / 3 3 
and / D,I > 3. 
Suppose D,- b, is disconnected. Then for some component K of 
D,- b,, IKn {b2, b3}l 6 1. This contradicts the assumption that G is 3- 
connected. Hence D, -b, is connected. Next assume D, has a cutvertex c. 
Then for some component K’ of D, - c, IT,(K) n D,l d 1. This is also a 
contradiction. Hence D, is 2-connected. 
Since D, - b, is connected, there exists a path P, in D, - b, which joins 
b, and b,. Since D, is 2-connected, there exists a path P, in D, which joins 
a, and a3 and contains an edge a, y. From P, - a 1 y, Pz, F and an edge yh, 
we can construct a cycle C containing all edges of F. This is a final con- 
tradiction and the proof is complete. 1 
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